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Abstract. In the literature it is conjectured that the ground state energies of three
and four bosons are universally related for all pair–interactions given that two bosons
have a zero energy resonance and no negative energy bound states. Here it is proved
analytically that such relation cannot be exact.
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1. Introduction
In 1970 V. Efimov predicted [1] a remarkable phenomenon now called the Efimov effect,
which can be stated as follows. If the negative continuous spectrum of a three-particle
Hamiltonian H is empty but at least two of the particle pairs have a resonance at zero
energy then H has an infinite number of bound states with the energies En < 0 for
n = 1, 2, . . .. If the particles are bosons then the limit ratio of the energy levels satisfies
the equation limn→∞En/En+1 = e
2pi/s0 , where the constant s0 is universal and obeys
the equation [2]
s0 =
8√
3
sinh(pis0/6)
cosh(pis0/2)
. (1)
Locating the root of this equation yields s0 ≃ 1.006. In particular, this result holds for
all pair–interactions, which are bounded and fall off faster than (1 + r2)−1, therefore,
one speaks of three–body universality [3]. The first sketch of mathematical proof of the
Efimov effect was done by L. D. Faddeev shortly after V. Efimov told him about his
discovery [4]. The first published proof, which was not completely rigorous, appeared
in [5]. Later D. R. Yafaev [6] basing on the Faddeev’s idea presented a complete proof
thus turning the Efimov effect into a mathematical fact. In [7, 8] one finds other proofs
by different methods. Tamura [9] generalized the proof to the case when pair–potentials
can take both signs. In [10] the author claimed having generalized the result in [6, 2]
to the case of three clusters but the proof in [10] contains a mistake [11]. Efimov states
evaded any experimental evidence for 35 years since their prediction until Kraemer et
al. [12] reported on their discovery in an ultracold gas of Cesium atoms.
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In the literature it is claimed [13, 14, 15] that few–body systems with 4 ≤ N ≤ 10
identical particles show a universal behavior, namely the energies of the n-th level in
three and N–body systems are universally related given that two–particle systems have
a zero energy resonance and no negative energy bound states. Universal in this context
means that such ratios are independent of the pair–interaction. The aim of the present
letter is to show that such relation cannot hold exactly. We shall use the following
operator notation [16]. A ≥ 0 means that 〈f |A|f〉 ≥ 0 for all admissible f and A  0
means that there exists f0 such that 〈f0|A|f0〉 < 0.
Suppose that N identical particles with mass m in R3 interact through V0(ri− rj),
where ri for i = 1, . . . , N denotes particle’s position vector and V0(r) ≤ 0. We also
require that V0(r) is a bounded and finite range potential, that is there exists rV such
that V0(r) = 0 for |r| ≥ rV (V0 could be a spherical square well, for example). We
choose the system of units, where ~2/m = 1. The pair interaction is chosen in such a
way that the following holds
−∆r + V0(r) ≥ 0 (2)
−∆r + (1 + ε)V0(r)  0 for all ε > 0. (3)
Eqs. (2)–(3) mean that each pair of particles has a zero energy resonance (or is at critical
coupling [16]). The ground state wave functions for N = 3 and N = 4 are determined
through equations[
T (3) +
∑
1≤i<j≤3
V0(ri − rj)
]
ψ
(3)
0 = E
(3)
0 ψ
(3)
0 (4)
[
T (4) +
∑
1≤i<j≤4
V0(ri − rj)
]
ψ
(4)
0 = E
(4)
0 ψ
(4)
0 , (5)
where T (3), T (4) are kinetic energy operators with the center of mass motion removed
for N = 3 and N = 4 respectively. The wave functions ψ
(3)
0 and ψ
(4)
0 are normalized and
symmetric with respect to the interchange of particles. By equation in [13, 14, 15]
E
(4)
0 = CuE
(3)
0 , (6)
where the universal constant Cu ≃ 4.6 does not depend on the interaction potential
V0. Eq. (6) and the value of the universal constant were established through numerical
calculations. Here we consider only ground states but the same argument can be applied
to higher states if they are non–degenerate.
Let us introduce the perturbation potentials and define χR, ηR : R3 → R so that
χR(r) = 1 for |r| ∈ [0, R] and zero otherwise; ηR(r) = 1 for |r| ∈ (R, 2R] and zero
otherwise. So far we fix the parameter R > 0 and define
Vλ(r) := V0(r) + λχR(r)− B(λ)ηR(r). (7)
The first coupling constant λ ≥ 0 and the second coupling constant B(λ) are determined
through the equations
−∆r + Vλ(r) ≥ 0 (8)
−∆r + (1 + ε)Vλ(r)  0 for all ε > 0. (9)
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That is, the perturbed potential retains the property that particle pairs have a zero
energy resonance. It is easy to see that for each λ ≥ 0 Eqs. (8)–(9) determine B(λ) ≥ 0
uniquely. In Proposition 1 we would show that in the vicinity of λ = 0 the function
B(λ) has a well-defined first derivative B′(λ) := dB/dλ. For small λ the perturbed
versions of Eqs. (4)–(5) read[
T (3) +
∑
1≤i<j≤3
Vλ(ri − rj)
]
ψ
(3)
λ = E
(3)
λ ψ
(3)
λ (10)[
T (4) +
∑
1≤i<j≤4
Vλ(ri − rj)
]
ψ
(4)
λ = E
(4)
λ ψ
(4)
λ . (11)
Since the particle pairs interacting through Vλ have a zero energy resonance Eq. (6)
takes the form E
(4)
λ = CuE
(3)
λ . Differentiating both parts of this equation with respect
to λ and setting λ = 0 gives [17, 18, 19]
3Cu〈ψ(3)0 |χR(r1 − r2)|ψ(3)0 〉 = 6〈ψ(4)0 |χR(r1 − r2)|ψ(4)0 〉 − 6B′(0)〈ψ(4)0 |ηR(r1 − r2)|ψ(4)0 〉
+3CuB
′(0)〈ψ(3)0 |ηR(r1 − r2)|ψ(3)0 〉. (12)
In (12) we have used the permutation symmetry. Since ψ
(3)
0 , ψ
(4)
0 are fixed square
integrable functions for R→∞ we get
〈ψ(i)0 |χR(r1 − r2)|ψ(i)0 〉 = 1 + o(R) i = 3, 4 (13)
〈ψ(i)0 |ηR(r1 − r2)|ψ(i)0 〉 = o(R) i = 3, 4. (14)
By Proposition 1 from (12), (13), (14) it follows that
3Cu = 6 + o(R), (15)
which means that Cu = 2 in clear contradiction with the numerical value 4.66 in [13] or
4.58 in [14].
We only need to prove the following technical result in the two–particle problem
Proposition 1. B(λ) is differentiable in the vicinity of λ = 0. Its derivative at zero
|B′(0)| remains bounded for R→∞.
Proof. We shall need the Birman-Schwinger (BS) principle in the form that is discussed
in Appendix A in [20]. Let us introduce the BS operator
D0 := −(−∆r)−1/2V0(−∆r)−1/2. (16)
By Eqs. (2)–(3) and the BS principle there exists ϕ0 ∈ L2(R3), ‖ϕ0‖ = 1 such that the
following equation holds
D0ϕ0 = ϕ0 (17)
sup σ(D0) = ‖D0‖ = 1, (18)
and σ(A) always denotes the spectrum of the operator A. The operator D0 is bounded
and positivity improving, which means that for any f ≥ 0 one also has D0f ≥ 0 (for
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mathematical details see [20]). Thus by Theorem XIII.43 in vol. 4 of [18] its eigenvalue
equal to one is non–degenerate and ϕ0 > 0. Let us introduce the perturbed BS operator
D(λ,B) := D0 − λ(−∆r)−1/2χR(−∆r)−1/2 +B(−∆r)−1/2ηR(−∆r)−1/2, (19)
which depends on the parameters λ,B ∈ R. Let us define
µ(λ,B) := sup σ(D(λ,B)), (20)
where µ : R× R→ R is jointly continuous in both arguments. Clearly, µ(0, 0) = 1 and
by continuity for λ,B around zero µ(λ,B) is the largest non-degenerate eigenvalue of
D(λ,B). By standard perturbation theory [17, 18] µ(λ,B) is analytic in λ around λ = 0
and B small and it is also analytic in B around B = 0 and λ small.
We define the function B(λ) through the equation
µ(λ,B(λ)) = 1. (21)
In this case by the BS principle we guarantee that Eqs. (8)–(9) are satisfied. By the
implicit function theorem (21) uniquely determines B(λ) and B′(λ) in the vicinity of
λ = 0. The derivative can be explicitly calculated from (21) as follows
B′(0) = −
(
∂µ
∂λ
)
λ,B=0(
∂µ
∂B
)
λ,B=0
=
〈ϕ0|(−∆r)−1/2χR(−∆r)−1/2|ϕ0〉
〈ϕ0|(−∆r)−1/2ηR(−∆r)−1/2|ϕ0〉
(22)
Let us define
ψ0(r) := (−∆r)−1/2ϕ0. (23)
By standard results (see Sec. XIII.11 in [18]) ψ0(r) is a continuous function and due
to positivity improving property of (−∆r)−1/2 we also have ψ0(r) > 0. Below we shall
prove that there exist constants A1,2 > 0 such that the following bound holds
A1
(1 + |r|) ≤ ψ0(r) ≤
A2
(1 + |r|) . (24)
Let us estimate the nominator and the denominator in (22) using (24). For the
nominator we get
〈ϕ0|(−∆r)−1/2χR(−∆r)−1/2|ϕ0〉 ≤ 4piA22
∫ R
0
t2dt
(1 + t)2
= 4piA22[R− lnR +O(1)]. (25)
And similarly
〈ϕ0|(−∆r)−1/2ηR(−∆r)−1/2|ϕ0〉 ≥ 4piA21
∫ 2R
R
t2dt
(1 + t)2
= 4piA21[R +O(1)]. (26)
Substitution of the estimates (25)–(26) into (22) finishes the proof. It remains to prove
(24). Due to continuity it suffices to prove that (24) holds for |r| ≥ 2rV . By (17)
ψ0(r) =
1
4pi
∫
V0(r
′)ψ0(r
′)
|r − r′| d
3r′, (27)
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which for |r| ≥ 2rV gives
C0
|r| − rV ≤ ψ0(r) ≤
C0
|r|+ rV , (28)
and where we defined C0 := (4pi)
−1
∫
V0(r
′)ψ0(r
′)d3r′ > 0. From (28) it easily follows
that one can always choose A1,2 to make Eq. (24) hold.
In conclusion, let us remark that similar calculation shows that even in the case
of the Efimov trimer the relation of the energies En/En+1 for a given n is not constant
for all pair-interactions; it holds universally only in the limit of large n! (In the case of
large n the argument presented in this paper breaks down at Eq. (13), because for large
n Efimov states are totally spreading in space, see Appendix in [16]). Such limit of large
n is unavailable for N ≥ 4, see [21, 20]. Thus a relation (6) can only hold approximately
for a narrow class of pair–interactions. Hopefully, the result presented here would help
to set such limits on Eq. (6) and analogous relations in the future.
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